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1. INTRODUCTION AND MAIN RESULTS
Let M * be a C 3 finite dimensional manifold and M : M * a connected
  : .open subset such that M , ? , ? is a Riemannian manifold with topo-R
logical boundary ­ M and let V: M ª R be a C1 potential function.
In this paper we look for curves in M which are periodic solutions of
D x t s y= V x t , 1.1 .  .  . .Çt R
 .  .where D x t denotes the covariant derivative of x t along the directionÇ Çt
 .of x t and = the Riemannian gradient.Ç R
 .The research of periodic solutions of 1.1 of prescribed period has been
 w x w x.dealt with in many papers see references in 1 and also 4, 12, 15 .
 .As 1.1 is an autonomous system, the energy
1 :E s x , x q V x .Ç Ç R2
 .is constant along the solutions of 1.1 and thus it is also interesting to look
 .for periodic solutions of 1.1 with prescribed energy.
 .* Sponsored by M.U.R.S.T. research funds 60% and 40% and by the E.E.C. Contract No.
ERBCHRXCT 960494 ``Human Capital and Hobility.''
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N That problem has been studied when V is a singular potential in R see
w x w x.1, 3, 14 and also references in 1 .
 .In this paper we study the existence of periodic solutions of 1.1 with
prescribed energy without the assumption of completeness on M.
In order to state the main theorem let us denote d the canonical
 .distance on M induced by the Riemannian structure and T M thex
tangent space to M at x.
The lack of completeness is replaced by the following ``suitable'' convex-
ity assumption on the boundary ­ M of M :
  : .DEFINITION 1.1. M , ? , ? is said to be a manifold with convexR
 q. 2 q.boundary if there exists f g C M j ­ M , R l C M , R such that:
 .  .i f x s 0 m x g ­ M ;
 .  <  . 4ii for any h ) 0 the set x g M f x G h is complete;
 .iii there exist some positive constants a , b , d such that for any
 .x g M with f x - d there results
 :a F = f x , = f x F b .  .R R R
and
f w xH x ¨ , ¨ F 0 for any ¨ g T M , .  .R x
f .w xwhere H x ¨ , ¨ denotes the Riemannian Hessian of f at x in theR
direction ¨ .
The following theorem holds:
  : . 3THEOREM 1.2. Let M , ? , ? be a C connected, not contractible inR
itself Riemannian manifold with con¨ex boundary, x a fixed point of M , and0
V: M ª R a C1 function.
Assume that:
 .  .M the fundamental group p M is finite or has infinitely many1 1
conjugacy classes;
 . 2M there exist a C scalar field U defined on M bounded on bounded2
sets and two positi¨ e constants r and m such that
U  :w xH x ¨ , ¨ G m ¨ , ¨ . RR
 .  .for any x g M such that d x, x G r and for any ¨ g T M ;0 x
 .M there exist two positi¨ e constants r and n such that3
f x G n ) 0 for any x g M , d x , x G r , .  .0
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where f is the function of Definition 1.1;
 .V there exists c g R such that:1 0
 .  .i lim V x s c0
 .d x , x ªq`0
 .  .ii V x - c for any x g M ;0
 .   .  .:  . V = f x , = V x G 0 for any x g M with f x - d where dR2 R R
 . .is the one defined in iii of Definition 1.1 ;
 .   .  .:V lim sup = V x , = U x s 0.R3 R R
 .d x , x ªq`0
 .Then problem 1.1 admits at least a non-constant periodic solution with
prescribed energy E ) c .0
  : .Remark 1.3. An example of Riemannian manifold M , ? , ? withR
w xconvex boundary is contained in 15 ; it is obtained taking an open
N  :   .. :connected subset M of R and ¨ , ¨ s 1ra x ¨ , ¨ for any ¨ gR
 .  . N 2T M , where a x : R ª R is a C function satisfying the followingx
conditions:
 .  .  .i a x ) 0 for any x g M ; a x s 0 if x g ­ M ;
 .ii there exist some positive constants c9, c0, and s such that
<  . <  .  .w x  .c9 F =a x F c0 if a x - s ; and a0 x j , j F 0 if a x - s and j g
N  .   ..1r2R ; then the function f x s a x satisfies the hypotheses of Defini-
tion 1.1.
2. PRELIMINARIES AND NOTATIONS
Let us introduce now some preliminary notations which will be used in
the following sections.
< < N  :Let ? denote the Euclidean norm in R and ? , ? its usual inner
product; if 1 F p - `, the space
1 pp p 1 N N < < <w xL s L S , R s x : 0, 1 ª R x 0 s x 1 , x dt - q` .  .  . H 5
0
p < <is meant to be endowed with the usual L norm here denoted by ? .p
1 1 1 N .Consider the Sobolev space H s H S , R with the usual norm
12 2 25 5 < < < <x s x q x dt.Ç .H
0
  : .Let M , ? , ? be a finite dimensional Riemannian manifold and dR
the canonical distance induced by the Riemannian structure.
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Denote
1 1 <w xH S , M s x : 0, 1 ª M x absolutely continuous, . 
1 :x , x dt - q`Ç ÇH R 5
0
1 1 1 1 <L s L M s x g H S , M x 0 s x 1 . 4 .  .  .  .
1  w x.It is known that L is a Riemannian manifold see 16, 11 and its
tangent space at x g L1 is
1 1 1 < w xT L s j g H S , T M j t g T M for any t g 0, 1 , .  .  . 4x x t .
1 1 .where T M is the tangent bundle of M and H S , T M is the set of
w x  .  .absolutely continuous curves j : 0, 1 ª T M such that j 0 s j 1 and
1 :  :  :j , j s D j t , D j t q j t , j t dt - q`, .  .  .  . .1 H R Rt t
0
D being the covariant derivative with respect to the Riemannian structure.t
1  .1If A is a closed subset of L , denote cat A the Ljusternik]L
Schnirelmann category of A in L1 that is the minimal number of closed
1  w x.contractible subsets in L covering A see 16 .
Moreover let us recall the Palais]Smale condition for a functional on a
manifold.
DEFINITION 2.1. Let N be a Riemannian manifold and f : N ª R a C1
functional; f is said to satisfy the Palais]Smale condition at the level
 .  4c* g R, briefly P.S. , iff any sequence x in N such thatn
f x ª c* as n ª q`, 2.1 .  .n
f 9 x ª 0 as n ª q`, 2.2 .  .n
admits a convergent subsequence.
3. PROOF OF THEOREM 1.2
 .The research of periodic solutions of problem 1.1 , with prescribed
energy E, can be reduced to the research of critical points of the action
functional
1 1 1 :f x s x , x dt ? E y V x dt .  . .Ç ÇH R H2 0 0
1  w x.defined on L see 17 .
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 .That functional does not satisfy the P.S. condition everywhere because
 .when M is not compact there exist P.S. sequences which are not
1  .bounded in L and when M is not complete there exist P.S. sequences
bounded in L1 but converging to an element x g ­L1.
w xIn order to overcome this difficulty, arguing as in 7 , we introduce a
penalized functional f for any « ) 0,«
11 1 1 :f x s x , x dt ? E y V x dt q c dt .  . .Ç ÇH R H H« 1, « 2 /f x .0 0 0
3.1 .
1
q c U x dt , . .H 2, «
0
where c : Rqª Rq is a non-decreasing C 2 function such that1, «
1¡
0 if t F
«~c t s 3.2 .  .1, « 1
t if t G 1 q ,¢
«
X  .  .  .c t ) 0 if t ) 1r« , c t F c t for any t G 0 and « F « 9 and1, « 1, « 1, « 9
c : Rqª Rq is a non-decreasing C 2 function defined by2, «
1¡
0 if t F
«~ nc t s 3.3 .  .n`2, « 1 m 1 1
t y if t ) ,¢  /n! E y c « «0ns3
 .where m is the constant introduced in M .2
Let us introduce now some technical lemmas which will be used in the
following:
 .LEMMA 3.1. Let U be the scalar field on M introduced in M . Then2
there exist c , c , c ) 0 such that for any x g M ,1 2 3
1r2 := U x , = U x G md x , x y c 3.4 .  .  .  .R R 0 1
m
2U x G d x , x y c d x , x y c . 3.5 .  .  .  .0 2 0 32
w xProof. See Lemma 2.2 of 7 .
 4Remark 3.2. There exist U ) 0 and r* ) max r, r such that0
U x G U « d x , x G r* q 1. .  .0 0
  . <  . 4Indeed it is enough to choose U G sup U x x g M , d x, x F r* q 1 .0 0
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LEMMA 3.3. Let M be a Riemannian manifold with con¨ex boundary
 .satisfying M .3
 4 1Then for any sequence x ; L such thatn
1 :x , x dt is bounded 3.6 .Ç ÇH Rn n 5
0
 4 w xand there exists t ; 0, 1 such thatn
lim f x t s 0 3.7 .  . .n n
nªq`
it results that, up to a subsequence,
11
lim dt s q`.H 2f x tnªq`  . .0 n
w xProof. See Lemma 2.3 of 8 .
x xLEMMA 3.4. There exists « ) 0 such that for any « g 0, « any critical0 0
point x g L1 of f satisfying« «
d * F f x F C 3.8 .  .« «
 .where C and d * are real positi¨ e constants independent on « is a critical
point of f.
 .Proof. Let « ) 0 and x be a critical point of f satisfying 3.8 .« «
In order to reach the proof, it is enough to show there exist some
x xpositive real constants « and N such that, for any « g 0, « and for any0 0
w xt g 0, 1 , it results
d x t , x F N 3.9 .  . .« 0
’f x t G « . 3.10 .  . .«
 .  .Indeed if 3.9 and 3.10 hold, it results that
1
c s c U x s 0 . .1, « 2, « «2 /f x .«
for any « small enough; then x is a critical point for f.«
 .Let us prove now 3.9 .
 4Arguing by contradiction assume that there exist two sequences « andn
 4 1x ; L such that « ª 0 and x is a critical point of f s f satisfyingn n n « nn
 .3.8 and
< w xsup d x t , x t g 0, 1 , n g N s q`. 4 . .n 0
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 .Furthermore, by 3.8 it follows that
1 :x , x dt is boundedÇ ÇH Rn n 5
0
and thus also
< w xinf d x t , x t g 0, 1 , n g N s q`. 3.11 4 .  . .n 0
 .  .By M and 3.11 it follows that3
1
c s 01, « 2n /f x t . .n
w xfor any t g 0, 1 and for any n large enough.
Thus
1
f x s f x q c U x t dt. 3.12 .  .  .  . . .Hn n n 2, « nn
0
As x is a critical point of f , it resultsn n
D x s y= V x q c X U x = U x 3.13 .  .  .  . .Çt n R n 2, « n R nn
for n large enough.
Denote
u t s U x t .  . .n n
 .then by 3.13 ,
d
 :u t s = U x t , x t .  .  . .È Ç .n R n n Rdt
U  :s H x t x , x y = U x t , = V x t .  .  . .  .  .Ç ÇR n n n R n R n R
 : Xq = U x t , = U x t c U x t . .  .  . .  .  . .R n R n 2, « nR n
 .  .  .As u 0 s u 1 , by M it resultsÇ Çn n 1
1 1 1 :  :0 s u t dt G m x , x dt y = U x t , = V x t .  .  . .  .È Ç ÇH H R Hn n n R n R n R
0 0 0
1 X  :q c U x t = U x t , = U x t dt. .  .  . .  .  . .H 2, « n R n R n Rn
0
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 .By 3.12 ,
21 :x , x dt s f x .Ç ÇH Rn n n n10 E y V x dt . .H n
0
3.14 .1
c U x t dt . . .H 2, « nn
0y 2
1
E y V x t dt . . .H n
0
and then
1
c U x t dt . . .H 2, « nnf x .n n 00 G 2m y 2m
1 1
E y V x t dt E y V x t dt .  . .  . .  .H Hn n
0 0
1
y = U x t , = V x t dt : .  . .  . .H R n R n R
0
3.15 .
1 X  :q c U x t = U x t , = U x t dt. .  .  . .  .  . .H 2, « n R n R n Rn
0
 .By V it follows that there exists a real constant a such that for n1 1
large enough
1
) a . 3.16 .11
E y V x t dt . . .H n
0
 .  .  .Moreover, by V , 3.6 , and 3.11 it results2
1 :y = U x t , = V x t dt G o 1 3.17 .  .  .  . .  .H R n R n R
0
and
w x := U x t , = U x t G 2 for any t g 0, 1 3.18 .  .  . .  .R n R n R
 .  .and then by 3.15 and 3.8
m1 X0G2ma d *qo 1 q2 c U x t y c U x t dt .  .  . .  . .  .H1 2, « n 2, « n /n nE y c0
G 2ma d * q o 1 .1
 .which is a contradiction. Thus 3.9 holds.
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 .Let us prove now 3.10 .
 4 q  4  4Arguing by contradiction suppose that there exist « ; R y 0 , x ;n n
1  4 w xL , and t ; 0, 1 such that « ª 0, x s x is a critical point ofn n n « n
f s f , and« nn
f x t - « . 3.19 .  .’ .n n n
 4Without loss of generality t can be chosen to be the minimum point ofn
 .   ..the map ¨ t s f x t .n n
Then it results
d2
¨ t G 0. 3.20 .  .n n2dt
 .  .  4  .By M and 3.9 it follows that « up to a subsequence can be2 n
chosen such that
1
w xU x t - for any t g 0, 1 . .n «n
   ... w xhence c U x t s 0 for any t g 0, 1 and thus2, « nn
1 D f x t . .R nXD x s y= V x y 2c 3.21 .  .Çt n R n 1, « 2 3n /f x t f x t .  . .  .n n
and
11
f x s f x q c dt. 3.22 .  .  .Hn n n 1, « 2n  /f x t . .0 n
 .By 3.21 it follows that
d2
f  :¨ t s H x t x t , x t y = f x t , = V x t .  .  .  .  .  . .  .  .Ç Çn R n n n R n R n2dt
 :1 = f x t , = f x t .  . .  .R n R nXy 2c . 3.23 .1, « 2 3n  /f x t f x t .  . .  .n n
 .  .  .  .   ..By 3.20 , 3.23 , V , and iii of Definition 1.1, if f x t - d it2 n
results that
2 c X 1rf 2 x td  . . .1, « n nnf0 F ¨ t F H x t x t , x t y 2a .  .  .  . . Ç Çn n R n n n n n n2 3dt f x t . .n n
c X 1rf 2 x t . . .1, « n nnF y2a .3f x t . .n n
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 . X  2  ...  .As 3.19 holds, c 1rf x t ) 0 and that contradicts 3.20 .1, « n nn
LEMMA 3.5. Assume that hypotheses of Theorem 1.2 hold. Then for any
« ) 0 and for any a ) 0 the suble¨ els
a 1 <f s x g L f x F a . 4« «
 .are complete metric spaces. Moreo¨er the functional f satisfies the P.S.«
condition for any « ) 0.
Proof. First remark that the subsets
1 a : <x , x dt x g f 3.24 .Ç ÇH R « 5
0
and
11 a<c dt x g f 3.25 .H 1, « «2 5 /f x .0
are bounded.
In order to reach the proof we want to show that there exists h ) 0 such
that
a 1 < 1w xf ; x g L f x t G h for any t g 0, 1 s L . 3.26 4 .  . .« h
 .In fact if 3.26 holds, by the convexity assumption of the boundary of M
the completeness of f a follows.«
 .Suppose by contradiction that 3.26 doesn't hold. Then there exist two
 4 a  4 w xsequences x ; f and t ; 0, 1 such thatn « n
lim f x t s 0. 3.27 .  . .n n
n
 .  .  .By 3.24 , 3.25 , 3.27 , and Lemma 3.3, it follows that
11
dt ª q`. 3.28 .H 2f x t . .0 n
 .Moreover by the definition of c there exist b g R such that c t1, « « 1, «
) t y b for any t G 0 and thus«
1 1
w xc ) y b for any t g 0, 1 . 3.29 .1, « «2 2 /f x t f x t .  . .  .n n
 .  .  .  .  .However, 3.28 and 3.29 contradict 3.24 and 3.25 , thus 3.26 holds.
 .Let us prove now that f satisfies the P.S. condition.«
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 4 1Then suppose that x ; L satisfiesn
f x is bounded 3.30 4 .  .« n
and
f X x ª 0. 3.31 .  .« n
 .By 3.30 it follows that the sequences
11 1 1 :x , x dt , c dt , c U x dt . .Ç ÇH R H Hn n 1, « 2, « n2 5  5 5 /f x .0 0 0n
 .   .4are bounded and thus by 3.5 , d x , x is bounded too.n 0
 4Arguing as above, it can be shown that there exists h ) 0 such that xn
is contained in L1 which is a C 3 complete finite dimensional Riemannianh
 :manifold with the metric induced by ? , ? .R
 w x. 1By the Nash embedding theorem see 13 , L can be isometricallyh
embedded into RN endowed with the Euclidean metric with N large
enough.
1 N .There exist x g H R such that, up to a subsequence,
x © x weakly in H 1 RN . .n
 . w x  4By 3.31 , arguing as in Lemma 3.2 of 5 it can be proved that xn
1 1 1 N .  w x.strongly converges to x g L ; L in H R see also 6, Theorem 1.1 .h
The following lemma holds:
LEMMA 3.6. For any c g Rq it results
cat 1 f c - q`. 3.32 .  .L
Proof. Consider U as in Remark 3.2 and0
<A s x g M U x - U . 4 . 0
By Lemma 3.1 it follows that A is bounded and thus
<D s diam A s sup d x , y x g A , y g A - q`. 4 .
 .Let c be a positive real number; let us show that there exist M s M c
) 0 such that for any x g f c it results
w xx t f A for any t g 0, 1 3.33 .  .
or
w xd x t , x F M for any t g 0, 1 . 3.34 .  . .0
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Arguing by contradiction, suppose that for any n g N there exist x g f c,n
w x w xt g 0, 1 , s g 0, 1 such thatn n
x t g A and d x s , x ) n. 3.35 .  .  . .n n n n 0
c  .As x g f and 3.35 holds, it results thatn
lim inf d x t , x s q`. . .n 0
n w xtg 0, 1
 . w xThe boundedness of A implies that x t f A for any t g 0, 1 and forn
 .n large enough, which contradicts 3.35 .
 .In order to prove 3.32 it is enough to show that
c 1 < w x1cat f l x g L x t f A for any t g 0, 1 - q` 3.36 4 .  . .L
c 1 < w x1cat f l x g L d x t , x F M for any t g 0, 1 - q`. 3.37 .  . 4 . .L 0
w xIndeed, arguing as in 7, Lemma 3.1 , it is possible to prove the existence
of a map p : M y A ª ­ A and L ) 0 such that
p x s x for any x g ­ A .
d p x , p x F Ld x , x for any x , x g M y A. .  .  . .1 2 1 2 1 2
   .. . c 1 .Then, as d p x s , x G r* q 1 ) r and x g f l L M y A0
c1 12 2 : :p x , p x dt F L x , x dt F L . 3.38 .  .  .Ç Ç Ç ÇH H RR E y c0 0 0
 .By 3.38 and by boundedness of V on ­ A, it follows that there exists
V g R such that0
c
2f p x F L E y V s L c, 3.39 .  .  . . 0 0E y c0
 . c L0that is, p x g f .
By the definition of A, it follows that there exists k ) 0 such that for
1 .any x g L M y A
w xd p x , x F k and f x t G m for any t g 0, 1 3.40 .  .  . . .0
and thus
c L0 1 < w xp x g f l x g L f x t G m , d x t , x F k for any t g 0, 1 .  .  . 4 .  .0
3.41 .s L
1 B k , m . . .
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Let us consider now the penalized functional
u x .1 11
f# x s f x q dt q u x U x dt , .  .  .  .H H 22f x .0 0
where u and u are C 2 positive scalar fields on M such that1 2
m¡0 if x g M , f x G .
2~u x s .1 m
1 if x g M , f x F , .¢ 3
 . w xu x g 0, 1 for any x g M , and1
0 if x g M , d x , x F 2k .0
u x s .2  1 if x g M , d x , x G 3k , .0
 . w xu x g 0, 1 for any x g M.2
1  ..  .  .If x g L B k, m then f# x s f x and then
f c L0 l L1 B k , m : f#c L0 . 3.42 .  . .
 .  .By 3.41 and 3.42 it follows that
p f c l L1 M y A ; f#c L0 . . .
 .  .As f# satisfies the P.S. condition see Lemma 3.5 and is bounded
from below then
cat 1 f#c L0 - q` .L
 w x.  .see 6, Theorem 1.1 and thus 3.36 holds.
 .Let us prove now 3.37 .
w xArguing as in 6 let h ) 0 be small enough and consider
<A s x g M f x G h ; 4 .h
then it is possible to construct a Lipschitz continuous diffeomorphism
C: M ª A .h
It is easy to show that there exists L ) 0 and k ) 0, such that for any1 1
c  1 <  . 4x g f l x g L d x, x F M0
C x g f c L1 l L1 B h , k . .  . .1
 .Arguing as above 3.37 follows.
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Proof of Theorem 1.2. AS M is non-contractible in itself and satisfies
 .  4 1M , there exists a sequence A of compact subsets of L such that1 n
lim cat 1 A s q` 3.43 .  .L n
nªq`
 w x. q  4see 9, Corollary 3.5; 10, Remark 2.23 . For any a g R y 0 , set
1 < 1 <f s x g L f x G a f s x g L f x G a . 4 .  . 4a « , a «
 .  .By Lemma 3.6 and by 3.43 it follows that there exists k s k a g N
such that
B l f / B for any B : L1 , cat 1 B G k .a L
As f : f it follows thata « , a
B l f / B for any « ) 0 and for any B : L1 , cat 1 B G k .« , a L
and thus
c s inf sup f A : cat 1 A G k G a. 3.44 4 .  .  .k , « « L
By Lemma 3.5 and by standard critical points theory arguments, it
x xfollows that for any « g 0, 1 , c are critical values for f and then therek , « «
exists x a critical point of f such that« «
f x s c G a. .« « k , «
1 x x1Moreover, let K : L be a compact set with cat G k and « g 0, 1 .L
Then
f x s c F sup f K F sup f K s c . .  .  .« « k , « « 1 1
 .By Lemma 3.4, x is a critical point of f and f x G a, thus there exists« «
 .at least one solution of problem 1.1 .
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